We propose a system of nonlinear integral equations (NLIE) which describes the thermodynamics of the U q ( sl(r + 1)) Perk-Schultz model. These NLIE correspond to a trigonometric analogue of our previous result, and contain only r unknown functions. In particular, they reduce to Takahashi's NLIE for the XXZ spin chain if r = 1. We also calculate the high temperature expansion of the free energy. In particular for r = 1 case, we have succeeded to derive the coefficients of order O(( 
Introduction
Traditionally, thermodynamic Bethe ansatz (TBA) equations have been used to analyze thermodynamics of various kind of solvable lattice models [1] .
In 2, we introduce the U q ( sl(r + 1)) Perk-Schultz model [20, 21] and define the QTM and the T -system. In 3, we derive our new NLIE eq. (3.6) taking note on the periodicity of the QTM. We will write only the outline of the derivation since it is similar to the ones in refs. [6] and [13] . In 4, we will calculate the high temperature expansion of the free energy from our new NLIE. In particular, r = 1 case is a detailed explanation of a calculation in the letter [11] , which has been extended to the XXZ-model case now. It will be difficult to derive the same results from the traditional TBA equations. Section 5 is devoted to concluding remarks.
T -system and QTM Method
We will introduce the quantum transfer matrix (QTM) method [9] , [27] - [29] , [3, 2] and the T -system [8] for U q ( sl(r + 1)) Perk-Schultz model. The QTM analyses of the Perk-Schultz model was done in ref. [30] (see also, ref. [31, 32] ).
The R-matrix of the model is given as
where E a,b is a r +1 by r +1 matrix whose (i, j) element is given as (E a,b ) i,j = δ ai δ bj ; R where v ∈ C; a, b ∈ {1, 2, . . . , r + 1}; [v] q = (q v − q −v )/(q − q −1 ); q = e η . Let L be a positive integer (the number of lattice sites). The row-to-row transfer matrix on C ⊗L r+1 is defined as [33] t
The hamiltonian H = H 0 + H ch of the model has two parts. The first part H 0 is given by
, (2.6)
where we adopt periodic boundary condition E a,b
1 . The second part is the chemical potential term,
Let R(v) be '90 degree rotation'of R(v):
Namely we have R
Let N be a positive even integer (the Trotter number). We define the QTM on C ⊗N r+1 as
where j ∈ {1, 2, . . . , L}; u N = − J sinh η ηN T (T : temperature). The matrix elements of the QTM are given as
where ν N +1 = ν 1 and ν k , α k , β k ∈ {1, 2, . . . , r + 1}. We can express [9] the free energy per site in terms of only the largest eigenvalue Λ 1 of the QTM eq. (2.9) at v = 0: 12) where the Boltzmann constant is set to 1. The eigenvalue formula of the row-to-row transfer matrix eq. (2.5) was derived [34, 21] by the algebraic Bethe ansatz. On the other hand, the eigenvalue formula T (1) 1 (v) of the QTM eq. (2.9) is conjectured to be given by replacing the vacuum part (the eigenvalue on the pseudo-vacuum |0 >) of the eigenvalue formula of the row-to-row transfer matrix with that of the QTM [35] . We adapt the following pseudo-vacuum:
, where v 1 := t (1, 0, . . . , 0) ∈ C r+1 and v r+1 := t (0, . . . , 0, 1) ∈ C r+1 . Indeed |0 > is an eigenvector for t QTM (v): 13) where the eigenvalue consists of the functions:
) for a ∈ {1, 2, . . . , r + 1},(2.14)
Then the general eigenvalue formula T
1 (v) of the QTM eq. (2.9) will be (cf. refs. [30] - [32] )
Here the functions {z(d; v)} are defined as
for k ∈ {1, 2, . . . , M a } and a ∈ {1, 2, . . . , r}.
Some remarks on eq. (2.15) are in order. For r = 1 case, eq. (2.15) can be proved [36] by algebraic Bethe ansatz. As for r > 1 case, we have checked that eq. (2.15) agrees with the numerical diagonalization of eq. (2.9) for r = 2 and small Trotter numbers N. In ref.
[30] the algebraic Bethe ansatz was executed for one particle state, from which an eigenvalue formula of the QTM for the Perk-Schultz model was conjectured, although a different pseudo-vacuum was adopted.
As an auxiliary function, we define (cf. Bazhanov-Reshetikhin formula in ref. [37] ):
where the summation is taken over
1 (v) eq. (2.9) as a special case (a, m) = (1, 1). It is related to a fusion [38] hierarchy of the QTM. We can show that the poles of T 
for a ∈ {1, 2, . . . , r} and m ∈ Z ≥1 , where
Nonlinear Integral Equations with Only a Finite Number of Unknown Functions
It is known [6] that Takahashi's NLIE [5] , which describes thermodynamics of the XXZ-model, can be derived from the T -system of the QTM. The number of unknown functions for this NLIE is only one, which corresponds to the
Figure 1: Location of the roots {v ] are exhibited. See also Fig. 1 in ref. [13] for η = 0, h = 0 case. rank of the underlying algebra U q ( sl (2)). In this section, we will derive the NLIE eq. (3.6) for U q ( sl(r + 1)), which contain only r unknown functions, from the T -system eq. (2.20) .
From a numerical analysis for finite N, u N , r, we conjecture that a onestring solution (for every color) in the sector
gives the largest eigenvalue of the QTM eq. (2.9) at v = 0. From now on, we will consider only this one-string solution. Thus T (1) 1 (0) should give the largest eigenvalue Λ 1 . We expect that the following conjecture is valid for this one-string solution (cf. Figs. 1 and 2 ). 
is a finite number [39] . Thus, we must put
where the coefficients b 
we can derive the following NLIE for finite Trotter number N from eqs. (3.2) and (2.20) by the similar procedures in refs. [6] and [13] .
where we setβ 
Next we will take the Trotter limit N → ∞. We put T In particular, we have
Then, we arrive at a system of NLIE, which contains only a finite number of unknown functions {T
where T (resp. z
(n ∈ Z, k ∈ Z − {0}). Note that eq. (3.6) reduces to Takahashi's NLIE [5] if r = 1. Although we assumed that q = e η is not a root of unity, we think that eq. (3.6) will be also valid as it stand even when q is a root of unity. One can calculate the free energy per site f by using eq. (3.6) and the relation f = J cosh η − T log T 
High Temperature Expansion
In this section, we will calculate the high temperature expansion of the free energy eq. (3.7) for U q ( sl(r + 1)) by our new NLIE eq. (3.6). It is known that the high temperature expansion of the free energy for the XXX-model was calculated [11] by Takahashi's NLIE up to order 100. First of all, we assume the following expansion for large T /|J|:
where b n (v)}. We treat r = 1 case separately.
• r = 1 case: In this case, the Hamiltonian eqs. (2.6) and (2.7) becomes XXZ chain in magnetic field:
where ∆ = cosh η. The NLIE has especially simple form. Equation (3.6) is
Contour C is a closed loop counterclockwise around 0. To remove trigonometric functions, we use transformation
By this transformation, points (0, ±i, ∞) on v plane move to (0, ∞, ±i) on X plane, respectively.Then eq. (4.3) becomes
where we assume that T
1 (F (Y )) is an even function of Y . New integration kernel A is expanded by power series of J/T . Coefficient of l-th term is
Analytic part of function A at Y = 0 is not relevant in this integral. Then we can put
We get A l from eq. (4.6) as polynomials of X 2 , ∆ 2 and 1/Y ;
We can determine b
l (F (X)) successively from the integral equation. These are polynomials of X 2 , ∆ and Q
1 /Q 
In Table 1 , we give j!b [42] ) in the rational limit ∆ → 1. We have plotted specific heat by using our high temperature expansion formula of order 99 (see Fig. 3 ).
• r ≥ 2 case: This case is more involved than r = 1 case since we have to take account of the poles in the coefficients {b n (v) is a polynomial with respect to some trigonometric functions. We will present b (1) n (0) for U q ( sl(r + 1)) up to order n = 3.
(4.14)
We note the following relation: b
(1)
n (0). We can obtain coefficients for r = 2 if we formally set Q [13] in the rational limit ∆ → 1. We have plotted the specific heat by using our high temperature expansion formula eqs. (4.14)-(4.16) of order 3 (see Fig. 4 ).
Concluding Remarks
We have derived NLIE with only r unknown functions for the U q ( sl(r + 1)) Perk-Schultz model. In contrast with traditional TBA equations, our new (2)) (µ 1 = −µ 2 = 0) calculated from Pade approximation (numerator: a polynomial of degree 49, denominator: a polynomial of degree 50) for ∆ =2 (thin), 1 (medium), 0.5 (thick), -0.5 (dashed thick), -1 (dashed medium), -2 (dashed thin). We have calculated high-temperature expansion of free energy up to 99-th order. The case for ∆ = ±1 coincides with ref. [11] .
NLIE will be also valid even when q is a root of unity. We also calculated the high temperature expansion of the free energy from our new NLIE.
It will be an important problem to apply our result to physical problem such as the thermodynamics of the spin ladder models as in ref. [15] . In Ref. [16] , they treated a spin ladder model whose leg part has isotropic interaction while rung part has anisotropic interaction. In contrast, our new NLIE has a potential applicability to spin ladder models whose leg parts have anisotropic interaction.
We note that our results in this paper reduce to the ones in ref. [13] in the rational limit q = e η → 1. (dashed thick) respectively. The case for η = 0 was calculated in ref. [15] in relation with the su(4) ladder model.
